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Abstract. We consider algebras with basis numerated by elements of a group G. We fix 
a function / from G x G to a ground field and give a multiplication of the algebra which 
depends on /. We study the basic properties of such algebras. In particular, we find a 
condition on / under which the corresponding algebra is a Leibniz algebra. Moreover, for 
a given subgroup G of G we define a G-periodic algebra, which corresponds to a G-periodic 
function /, we establish a criterion for the right nilpotency of a G-periodic algebra. In 
addition, for G — Z we describe all 2Z- and 3Z-periodic algebras. Some properties of 
nZ-periodic algebras are obtained. 



1. Introduction 

Infinite dimensional algebras were introduced in mathematics at the beginning of the last 
century, they have had a considerable development during the past 40 years, from affine 
Lie algebras and loop groups to quantum groups in their various flavors. They also have 
found an ever increasing variety of applications in many domains of physics, from various 
aspects of solid state physics to most sophisticated models of quantum field theory, see, 
e.g., m, M, i: M- 

In the survey article [18] the author discusses some old and some new open questions 
on infinite-dimensional algebras. The paper describes interactions between combinatorial 
group theory. Lie algebras and infinite-dimensional associative algebras. In [5] a tame 
filtration of an algebra is defined by the growth of its terms, which has to be maj orated 
by an exponential function. The notion of tame filtration is useful in the study of possible 
distortion of degrees of elements when one algebra is embedded as a subalgebra in another 
algebra. These authors consider the case of associative or Lie algebras in the case of tame 
filtration of an algebra can be induced from the degree filtration of a larger algebra. 

Whereas that the theory of finite dimensional algebras is well developed in a systematic 
way, it is fair to say that this is not get the case for the theory of infinite dimensional 
algebras (see, however, e.g., [5], [7], [8], [IB] and references there in). In this paper we 
consider algebras over a field K, with basis set {cq, a € G}, which is indexed by elements 
of a group (G, o). The multiplication table is given as CaC;, = f{a,b)eaobot, where t is a 
fixed element of G and / a map of a Cartesian square of G into the field K. A construction 
of this type for an n-ary algebra was first considered in [11]. For an infinite group G our 
construction gives an infinite dimensional algebra. 
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For a given subgroup G of G we define a notion of G-periodic algebra and study some its 
basic properties. Let us point out that corresponding notions of G-periodic Gibbs measures 
and periodic p— harmonic functions were considered in [13], [H], [15], respectively. Whereas, 
the notion of G-periodic algebra can be considered in arbitrary variety of algebras. 

In the present work we limit ourselves to the study a particular case of G-periodic alge- 
bras. Namely, we study G- periodic Leibniz algebras with additive group G. 

It is known that Leibniz algebras are generalization of Lie algebras [9]. A lot of papers 
has been devoted to the description of finite dimensional Leibniz algebras. In the study 
of a variety of algebras the classification of algebras in low dimensions plays a crucial role. 
Moreover, some conjectures can be verified in low dimensions. In the past much work has 
been invested into the classification of various varieties of algebras over the field of the 
complex numbers and fields of positive characteristics. We recall that the description of 
finite dimensional complex Lie algebras has been reduced to the classification of nilpotent 
Lie algebras, which have been completely classified up to dimension 7 (see [TO], [E]). In the 
case of Leibniz algebras the problem of classification of complex Leibniz algebras has been 
solved up to dimension 4 [l], [4]. However, the classification of infinite dimensional algebras 
is more complicated. In this paper we give a construction of certain infinite dimensional 
algebras which are relatively simple to describe. 

In our case from the Leibniz identity, we derive the functional equation for /. Thus, the 
problem of the classification of corresponding Leibniz algebras can be reduced to the problem 
of the description of the functions / up to a non-degenerate basis transformation. Moreover 
in periodic cases our construction reduces the study of infinite dimensional algebras to the 
study of finite dimensional matrices. 

2. Preliminaries 

Let A be an arbitrary algebra and let {ei, 62, ... } be a basis of the algebra A. The table 
of multiplication on the algebra is defined by the products of the basic elements, namely, 
ei^j = '}2ik'^i j^ki where are the structural constants. 

We recall that Leibniz algebras are defined by the Leibniz identity: 

[x, [y,z\\ = [[x,y\,z\ - [[x,z\,y\. 

If the identity [x, x] = holds in Leibniz algebras then the Leibniz identity coincides with 
the Jacobi identity. Thus, the Leibniz algebras are a "non commutative" analogue of the 
Lie algebras. 

Let L be a Leibniz algebra, we define the lower central sequence and, respectively, the 
derived sequence by: 

L^=L, L"+i = [L",L], n>l, 
resp. = L, LI'^+i] = [LW,LW], k>l. 

Definition 2.1. An algebra L is called nilpotent (solvable) if there exits some s G N (re- 
spectively, t € such that = (respectively, LM = Oj. The minimal such number s 
(resp. t) is called index of nilpotency (resp. solvability). 
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For any element x of L we define the operator of riglit multiplication as follows 

Rx ■ z — >■ [z,x], z £ L 

Definition 2.2. Let G he an additive group. An algebra A is called G-graded algebra 
if A can he decomposed into the direct sum of vector spaces (i.e. A = Ylg^G^-^g) '^''^'^ 
AgAh c Ag^h, V5, heG. 

3. An ALGEBRA GENERATED BY A GROUP 

Let be a field. Fix an element t of a group {G, o) and consider tlie algebra Aoif, t) = 
{ea\a € G) given by the following multiplication: 

eaeb = fia,b)eaobot, (3.1) 

where f : G x G — > K is a given function. 

Denote by 1 the unit element of the group G. Note that the set {ca : a G G} is a group 
with binary operation Ca* = Caob- 

Proposition 3.1. Take t e f] h<g: H. 

1) If H and J are subgroups of the group G and f is such that f{h,t~^) 7^ 0, for any 
h € H. Then AH{f,t) is a subalgebra of Aj{f,t) iff H is a subgroup of J. 

2) If M C G with M o M ot C M then AuU^t) is a subalgebra Aaif.t), but the 
opposite is not true, in general. 

3) Let H be a subgroup of G and f is such that f{h,g) 7^ for all h E H, g E G. Then 
AH{f,t) is an ideal of AG{f,t) iff H = G. 

Proof. I) If H < J then {eh \ h G H} C {ej \j G J}, consequently AH{f,t) is a subalgebra 
of Aj{f, t). Now assume Affif, t) is a subalgebra of Aj{f, t) then for any h & H we consider 

ehet-i = f{h,t~^)eh. 

Since f{h,t~^) / 0, we have Sh G {ej \j G J}. Hence h e J. 

2) Straightforward. 

3) li H = G then AH{f,t) = AG{f,t). If AH{f,t) is an ideal of AG{f,t), then for any 
eh e Anif.t) and eg G AG{f,t) we have 

efeSg = f{h,g)ehogot e AH{f,t). 
This gives ho g ot E H, which is equivalent to g E H, for all g E G. □ 

Proposition 3.2. Let G be a commutative group. Then the algebra Aoifjt) is solvable of 
index m if and only if there exists m G N such that 

m-l T^-k-\_i / 2^ 2*= \ 

n n / ° n °«2'^+i.+9' ° n °«2fc+i.+2fc+/ = o, (3.2) 

fe=0 s=0 y q=\ 1=1 J 

for any ai, . . . , G G. 
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Proof. First we shall prove the following formula 



(• • • (601602) • • • {^a2r_i^a2r) • • • ) 



r-1 2''"''"-^-l / 2'-' 2*^ 



A:=0 s=0 y (?=1 1=1 J 

We use mathematical induction by r. For r = 1 and r = 2 using the equality (13. ip we 
obtain 

r = l: eaiBaa = /(al,a2)ealoa2ot• 
^^ = 2 : (eaiCaa) (603604) = /(«!, a2)6aioa2ot/(a3, 04)6030040* = 

/(ai, 02)7(03, 04)/(t o ai o 02, t o 03 o 04) 

6010020030040*3 ■ 

Thus the equality ()3.3p is true for r = 1 and r = 2. Assume that ()3.3p is true for r and 
prove it for r + 1. By the assumption of the induction we get 

(• • • (601602) • • • (6o2r_i6o2r) ...)(••• (6o2r + 1 6o2r + 2 ) • • • (6o2r+l _ 1 603^ + 1 ) ■ ■ ■) = U 'X V X W 

where 

r-l 2''"'="i-l / 2* 2'-' 

f^=n n / h^'"^°n°"2fe+is+g> *^'"^on°"2fe+is+2'=+/i, 

r-l2^^''^^~l / 2*" 2'-' 

n /h^''"^°n°"2'-+2'=+is+g> *^'"^on°"2'-+2'=+is+2*+/ 
fc=0 s=0 y q=l 1=1 

W = 6,2r_i 6,2r_i T-r2'' = 

* °lli=l°«i * °lli=l °'i2'-+i 



/ 2'' 2'' \ 

/ o ooj, o JJ oa2' +i 6^, 

V 1=1 i=l J 



,or + l_i T-r2'"+l 



In y we change s with s = s' — 2*" then 



r-l 2"— "-1 / 2"' 



A;=0s'=2'-'=-l \ 9=1 1=1 

Consequently, we get 

r-12'— '=-1 / 2'-' 2* 

;7xy = J] W /M^'"^°n°"2*+^^+9' *^'"^°n°"2*+^^+2^+' 

fc=0 s=0 y q=l 1=1 

Hence we have 

r 2''"'=-l / 2* 2*= 

fc=0 s=0 y q=l 1=1 
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This gives (j3.3p for r + 1. By formula ()3.3p one can see that the algebra AQ{f, t) is solvable 
of index m if and only if the condition (13. 2[) is satisfied. □ 

Denote by Ag the vector space Kcg. Then we have ^g(/i 0) = Ylg^G ®^g- Since AgA^ = 
{aeg(3eh = a(3f{g,h)eg+h \a, (3 ^ K, g,h £ G} we get AgAh ^ Ag^h- Hence the algebra 
^g(/)0) is a graded algebra. 

Let G be an additive group. We shall find a condition on / under which the algebra 
Acifit) will be a Leibniz algebra. From the Leibniz identity we get for the function / the 
following equation 

f{b, c)f{a, b + c + t) = f{a, b)f{a + b + t,c)- f{a, c)f{a + c + t, h). (3.4) 
For a given t €z G we set 

Ft = {f : for the given t, / is a solution of (|3.4p }. 
Denote by L(f,t) the algebra which is given hy f £ Ff. 

Proposition 3.3. For any t,t' G G and f £ Ft there exists g G Ffi such that L{f,t) = 
L{g,t') (where = means algebraically isomorph). 

Proof. Take the isomorphism <p{ei) = e'-_^_^_^,. Then 

e^e'f, = ea-(_t-t')eb~{t-t') = f{a - (t - b - {t - t'))ea+b-2{t-t')+t = 

/(a-(t-0,&-(t-0)<+fe+t'- 
For a given t' we define g{a,b) := f{a — {t — t'),b— (t — t')). Now we shall check the identity 
(j3.4p for g. For the elements a' = a -\- 1' — t, b' = b + t' — t, c' = c + t' — t we have 

fib', c')/(a', b' + c' + t) = f{a\ b')f{a' + b' + t, c') - /(a', c')/(a' + c' + t, b'), 

consequently 

g{b, c)g{a, b + c + t') = g{a, b)g{a + b + t' ,c) — g{a, c)g{a + c + t', b). 

Hence, g e Ft, and L{f,t) ^ L{g,t'). □ 

Let us present an example: 

Example 1. Consider the group TLi = {0, 1}, then function f is defined on TL^ x ^2- Fhe 
four values of function f can be represented in the form o/ 2 x 2 matrix, i.e. by matrix 
(/(a, 6))^ j,^Q J. It easy to see that 

= ^))a,fe=o,T ■ f is a solution of ([331) for t = 0} = 

( f 0\ f -aio \ f \ , 

< n I 'A n h n ' where aio,aii GAS, 

[ \^ aio y ' \^ aio J \ an J ' J ' 



= ^))a,fe=o,T ■ f is a solution of for t = 1} 

aoi \ f -aio V / «oo 
Oi'laio /'lo 



where aoo > Q^oi , ctio > £ K 
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Consequently, the construction gives 6 Leibniz algebras Ljj(6,t), i = 0,1, j = 1,2,3, 9 = 
«00) CKoi) t = 0,1. Moreover, one can check that LQ-{6,t) = Lj^{9,t'). 

4. Periodic algebras 

Let G be a subgroup of an additive group G, then the group G is decomposable into 
cosets with respect to this subgroup: G/G = {qq + G,g\ + G,. . . ,gn-i + G}, where n is 
index of the subgroup G in G. 

Let G be a subgroup of index n for G. Then G/G = {Gq, . . . , Gn-i}, where Go = G. 

Definition 4.1. The function f : G x G ^ K is called G-periodic, if f{a,b) = aij for all 
aeGi, be Gj. 

In other words the function / is periodic if its value at the point (a, 6) e G x G does not 
depend on a and b, but the value depends only on the cosets to which a and b belong. 

Definition 4.2. The algebra AG{f,t) is called G-periodic, if it corresponds to a G-periodic 
function f. 

Let G be a subgroup of an additive group G and 0) be a G-periodic algebra. For 

the factor group G/G = {G, 51 + G, . . . } we set Ag^ = {aeg^+h ■ h E G,a E K}. Then with 
respect to these sets 0) is a graded algebra. 

If a G Gi, b G Gj then instate /(a, 6) = Uij we write f{a,b) = 01^^ i-e. aij = a--^. In 
other words a denotes the number of the coset where belongs a. 

Theorem 4.3. Let G be a subgroup of index n > 1, a G-periodic algebra AG{f,t) is right 
nilpotent if and only if 

Q!ai ,02^*01+02 ,03 • • • '^ai+a2-\ \-ak-i,ak ~ ^' 

for any k, k < n and for arbitrary ai, . . . , a^. € G with a2 + ■ ■ ■ + S G. 

Proof. It is known that the algebra A is right nilpotent iff there exists k such that Rxs ■ ■ ■ 
for arbitrary X2, . . . , a;fe G ^. It is enough to check this condition for X2 = ea2, ■ ■ ■ ,Xk = Ca^. ■ 
Necessity. Assume A is right nilpotent. We have 

-^eaj,-^eaj,_i • • • -^602(^01) — CKai ,02 0^01+02,03 " " " '^01+02H |-0fc_l,0fc^0l+02H |-Ofc + (fe-l)t = 0- 

(4.1) 



If ai + 02 + • • • + a/j = ai and 



"oi,02 0;ai+a2,a3 • • • Q^ai+a2H hat- 

then we can consider (Re^^Re^^ ^ . . . iileajC^oi))"* which is not zero for any m > 1. So the 
condition of the theorem is necessary. 
Sufficiency. Assume 



-i,ofc 7^ ^ 
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for any k, k < n and for arbitrary ai, . . . , Ofc G G with 02 + • • • + G G. We sliall prove 
tiiat Acifjt) is right nilpotent. Take k > n, then at least two of the following numbers 
coincide: 

ai + 02, ai + a2 + as, . . . , ai + h ak+i- 

Let ai + ■ ■ ■ + ap = ai + • • • + a^, 1 < p — q < n, i.e. ap+i + • • • + G G. From this 
condition we have 



"aiH hapjQp+i QiH |-ap+i,ap+2 ' ' ' ai+a2H [-05-1,09 

This implies that Rea^. ^^a^ j • • • -^e^j (cai ) = for any k > n. □ 

Proposition 4.4. Assume H,J are subgroups of G with finite indexes such that \G : J\ 
divides \G : H\ (where \ \ stands for order). Then any J-periodic algebra is H -periodic, but 
there are H -periodic algebras which are not J-periodic. 

Proof. Any J-periodic algebra is represented by an nxn matrix An = {oiij)i^j=Q^,,,^n-i, where 
n = \G : J\. Any //-periodic algebra is given by an nmxnm matrix Bnm = if3ij)ij=o,...,nm-i, 
where nm = \G : H\. It is easy to see that a given J-periodic algebra is ff-periodic with 
Pnk+i,ni+j = Oiijj hj = 0, . . . , n — 1, k,l = 0, . . . , m — 1. Consider an ff-periodic algebra 
with fin,n+i 7^ oo,i) then this algebra is not J-periodic. □ 

Denote 

pper = . f Q _ periodic and satisfies p.4p }. 

t,Cr 

Proposition 4.5. For any teG, / G F^i'' andt' €Gi, l<i<n-l there exists g G ^ 
such that L{f,t) = L{g,t'). 

Proof. Note that t — t' G Gi. Since / is periodic, we have f{a — (t — t'),b — {t — t')) = Xjk 
for a e t' + Gj, b e t' + Gk- We define g{a,b) = f{a - (t - t'),b- {t - t')) = Xjk- It is 
easy to see that the function g satisfies equation (|3.4p . The periodicity of g follows from 
the periodicity of /. □ 

Remark 4.6. Using f{a -\- t,b -\- t) = f{a,b) for all t ^ G one can show that for any 
f G F^g and t ^ G the G-periodic Leibniz algebra L(f,0) is isomorphic to the G-periodic 
algebra L{f, t). 

Now we shall study the isomorphic character of the following algebras 

L{f,t): eaeb = f{a,b)ea+b+t and L{g,t) : CaCb = g{a,b)ea+b+t- 
Let if is an isomorphism and it is given by a matrix (7cd), i.e. (p{ec) = Yldec'^cd^'i- Then 

Lp{ea)ip{eb) = C^laded)(^lbiei) = ^ jadlbif{d,l)ed+i+t- 

d£G l&G d,l(^G 

On the other hand, we have 
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(/?(ea)(/3(e{,) = g{a,b)(p{ea+b+t) = g{a,b) ^ 7a+6+i,mem- 

Comparing the coefficients of the basis elements for any m we get 

g{a, b)-fa+b+t,rn = ^ la,dlb,m-d-tf{d, m-d-t). (4.2) 

In the periodic case we reduced the problem to the case t = Q. Moreover, in this case 
the group and some subgroup of it are given. Thus for any k the equality (j4.2p with 
f{i,j) = ajj, g{i,j) = has the following form: 

Pijli+j,k = '^li,slj,k-sa^—s- (4.3) 

Assume /(a, b) = aij for a £ gi + G, b £ gj + G. 
1ft e gs + G, then by (jOl) we get: 

1) If a,b,c e gi + G then ajjOj 27+^ = 0. 

2) If a, 6 G c/i + G, c G gj + G then Oij-a^j^^ = aua^i^j - aija^+j+^^i. 

3) If a, c G 5i + G, be gj + G then ajia^^j^^ = UijUj^^- - aua^^-. 

4) If 6, c G fifj + G, a G gj + G then ajja^- 3^+^ = 0. 

5) If a G 5i + G, 6 G 5j + G, c G 5fe + G then a^fca-jq:^ = 0^0^:^^;. - aiuaj^^^^-. 

Proposition 4.7. Assume H,J are subgroups of G with finite indexes such that \G : J| 
divides \G : H\. Let G/ J = {Go, . . . , Gn-i} be the factor group with Gi + Gj = Gj4.j(modn); 
G/H = {Hq,... ,Hnm-i} be the factor group with Hi + Hj = -ffi+j(modnm) • Then any 
J-periodic Leibniz algebra L is H -periodic. 

Proof. Let L(f, t) be a J-periodic Leibniz algebra which corresponds to the matrix An = 
(oij)i,j=o,...,n-i- Using notions of the proof of Proposition 14.41 and also taking (5nk+i,rii+j = 
ocij, i, j = 0, . . . , n — 1; /c, i = 0, . . . , m — 1, we have that the corresponding algebra -L(/, t) 
is i7-periodic. It remains to show that L{f, t) satisfies the Leibniz identity with respect 
to the fiij which were defined above. Let G/H = {Hq^ . . . ,Hnm-i} be the corresponding 
factor group. Taking a £ Hi, b £ Hj, c Hp and t G Hq then using the condition of the 
proposition, from l)-5) mentioned above we get 

+p+q{modnm) f^ij l^i+j+q{modnin),p l^i,pf^i+p+q{modnm),j ■ 

(4.4) 

Assume i = nni +i',j = nn2+j',p = nn^ +p',q = nn^ + q', with i' ,j' ,p' ,q' G {0, . . . , n — 1} 
then ()4.4p becomes: 

"j',p'aj'j'+p'+g'(modn) = C^i' ,j"^i'+j'+q'(modn),p' — 0!i' ,p'<^i'+p'+q'(modn),j' , (4-5) 

which holds since L(f,t) is a Leibniz algebra with respect to ajj. □ 
Let us give some examples for our construction: 
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4.8. 2Z-periodic Leibniz algebras. Consider the case G = Z, G = 2Z. 
In this case Z/2Z = {0,T}. 

Let t G 0. Wc consider all possible cases for a,b,c e {0, 1} : 

1) a, 6, c € =^ aoo = 0. 

2) a, 6 G 0, c G 1 =^ = aoo^oi — aoictio- 

3) a, c G 0, 6 G 1 ^ aioaoi = "oiaio - aooaoi- 

4) 6, c G 0, a G 1 ^ ctooaio = 0- 

5) a, 6, c G 1 =^> aiiaio = 0. 

6) a, 6 G 1, c G => aioOii = anaoo ~ ctioQ^ii- 

7) a, c G 1, 6 G aoioii = aioaii — anaoo- 

8) 6, c G 1, a G =^ "iiaoo = 0- 
After simplifications we get 

aoo = 

aoi(aoi + aio) = 
(xnaio = 
aoiaii = 0. 

Consider the all possible cases: 
Case 1. ail = 0. Then aoi(aoi + aio) = 0. 
Case 1.1. aoi = 0. Then aio is an arbitrary parameter. 
Case 1.2. oqi ^ 0. Then aoi = — aiQ. 
Case 2. an ^ 0. Then aoi = aio = 0. 

Thus for i G we obtain the following matrices for the structural constants: 

\ / -aio 7^ \ / 
aio J ' V aio J '\ an ^ 
By scaling the basis we obtain the following three 2Z-periodic Leibniz algebras: 

LQi{a,t) : e2k-ie2m = ae2(k+m)-i+t, ol G {0, 1}; 

L- (t) ■ < ^2A:S2m-l = — e2(fc+m)-l+t > . 
°^ ' \ e2k-ie2m = e2(k+m)-l+t, 

L^^it) : e2k-ie2m-i = e2(k+m-i)+t- 
Similarly for t G 1 we obtain the following periodic Leibniz algebras: 

Lj^{a,t) : e2fee2m-i = ae2(k+m)-i+t,Oi G {0, 1}. 

^_ /.N . f e2fee2m-l = —e2{k+m)-l+t 
' 1 e2fc-ie2m = e2(fc+m)-l+t) 

Lj^{t) : e2fce2m = e2(fc+m)+i- 

Proposition 4.9. For any k = 1,2,3 we have L^i^[9,t) = Ljj^{6,t'). Moreover the algebras 
Lq^,Lq2,Lq3 are pairwise nan isomorphic. 
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Proof. Take the isomorphism ip : LQ^,(0,t) — > Ljf^{6,t') defined by 9j(ei) = e'-_^_^_^/. Then 
the proof can be completed by verifying algebraic property of isomorphism. The statement 
that the algebras Lq^, Lq2, Lq^ are pairwise non isomorphic follows from the property of the 
algebra to be Lie or commutative algebra, i.e., property to satisfy the different identities. □ 

4.10. 3Z-periodic Leibniz algebras. . 

In the case where G = Z, G = 3Z and a & k,b i,c €^ j,t we have: 



Consider Z/3Z = {0,T, 2}. 

For t £ from ()3.4p we get the following 

1) a, 6, c € aoo = 0. 

2) a, 6 G 0, c G T agi = aooaoi - aoiaiQ. 

3) a, c G 0, 6 G 1 =^ aioooi = aoioio — aooaoi- 

4) 6, c G 0, a G 1 =^ aooaio = 0. 

5) a, 6, c G 1 aiiai2 = 0. 

6) a, 6 G 1, c G aiottii = aiia20 — Oiioom- 

7) a, c G 1, 6 G =^ aoic^ii = ckiqckh — Q;iia2o. 

8) 6, c G 1, a G =^ Q;iiao2 = 0. 

1') a, 6 G 0, c G 2 ^ = "00002 — ao2a20- 

2') a, c G 0, 6 G 2 ^ a2oao2 = ao2a20 — «ooao2- 

3') 6, c G 0, a G 2 aoo020 = 0. 

4') a,6,c G 2 ^ 022^21 = 0. 

5') a, 6 G 2, c G ^ Q;20«22 = a22aio — a2oa22- 

6') o, c G 5, 6 G ^ ao2«22 = -020022- 

7') 6, c G 2, a G ^ a22aoi = 0. 

1") a, 6 G 1, c G 2 ^ "12010 = OL\\a22 — ai2aoi- 

2") o, c G 1, 6 G 2 ^ 0:21010 = — Oi20io- 

3") 6, c G T, a G 2 ^ 011022 = 0. 

4") a, 6, c G 2 ^ 022021 = 0. 

5") a, 6 G 2, c G 1 ^ 021O20 = 022O11 — a2iOo2- 

6") a, c G 2, 6 G T ^ O12O20 = -021020- 

7") 6, c G 2, a G T ^ 022O11 = 0. 

a) a G 0, 6 G 1, c G 2 012000 = O01O12 — O02O21. 
a') a G 0, 6 G 2, c G 1 =^ 021000 = — 012O00- 

b) a G 1, 6 G 0, c G 2 => 002012 = O10O12 — 012000- 
b') a G 1, 6 G 2, c G ^ O20O12 = — O02O12. 

c) a G 2, 6 G 0, c G 1 ^ 001O21 = O20O21 — O21O00- 
c') a G 2, 6 G 1, c G ^ 010O21 = — O01O21- 
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Solving these equations we get the following eleven matrices: 


aio 

"20 



11 : 



A. 





0:21 7^ 





A. 



"01 7^ ao2 7^ 




ai2 
a22 7^ 



A 



10 





"11 / 

"21 




aoiT^O 
an 7^ 




Now by an appropriate scaling of basis we can take all non-zero parameters to be equal 
to 1. Thus we have proved the following: 

Proposition 4.11. For t = 0, there are the following eleven (infinite dimensional) 3Z- 
periodic complex Leibniz algebras ( all omitted products are to be understood as being equal 
to zero): 



e3fc+2e3m+i — e3(fc+m+i); 



L-j : < 



e3fe+ie3m+2 — e3(fe+m+l) . (Q) 
e3fe+2e3m+l = /3e3(ik+m+l) 



esk+i^Sm = -e3(fc+m)+i 

e3fc+2e3m = l3e3(^k+m)+2 



e3k+1^3m 
e3fce3m+2 

e3fc+2e3m 
e3A:+ie3m+2 
e3fc+2e3m+l 



e3(A;+m)+l 
~63(fe+m)+l; 
—^3{k+m)+2 
e3{fc+m)+2 
^3{k+m+l) 
— ^3(k+m+l) 



Ls{a) 



e3fce3m+2 

63^+26301 
63^+163™ 



e3(A;+m)+2 
~63(fc+m)+25 ; 
m)+l 



e3fce3r„+i = e3(fc+TO)+i 
e3fc+ie3m = — e3(fe+m)+l /3 ^ 0- 
e3A:e3m+2 = /3e3(fc+^)+2 
e3k+2e3m = -/3e3(fe+^)+2) 



e3A;+ie3TO+2 = ae3(fc+m+i) 
e3A;+2e3m+2 = 63(^+^+1)+!, 
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L 



9 



63^+263771 — e3(fc+m)+2 

e3fce3m+2 = — e3(A:+m)+2) . Liq{I3) ' J ^3fc+ie3m+l = ez{k+m)+2 



e3A:+ie3m — 2e3(fc+m)+l ' \ 63^+263^+1 — /3e3(fc+m+i), 

e3fc+2e3m+2 = e3(fc+m+l)+l 

{e3fce3m+l = ez{k+m)+l 
e^k+iezm = -ezik+m)+i, ^^^^^ k,meZ. 
63^+263™ — -^e^k+m)+2 
e3fe+ie3m+l = e3(fc+m)+2 

As a corollary of Theorem 14.31 we have 

Corollary 4.12. A ST^-periodic Leibniz algebra L is right nilpotent if and only if otiQ = 0, 
Vi = 0, 1, 2, aoiaiia2i = ao2«i2a22 = and aoiai2 = «iia22 = a2i«02 = 0. 

This corollary with Proposition 14.111 gives the following 

Corollary 4.13. The algebras L2, L3, Lg, Liq mentioned in Proposition \4.li are nilpotent. 

4.14. nZ-periodic algebras. Denote Nn = {0, . . . , n — 1}. The following proposition gives 
some properties of nZ-periodic complex Leibniz algebras: 

Proposition 4.15. Let L be an nZ-periodic Leibniz algebra. Then 

1) L^ = L if and only if for any p G there exists i E Nn such that a^^^^ / 0; 

2) For any riL-periodic Leibniz algebra L there exists an algebra V such that Oqq = 
(i.e. Cnk^nm = 0, k,m £ Z) and L = L' ; 

3) {ens+j\ s € Z} C Annr{L) ({ens+j\ s G Z} C Anni{L) ) if and only if the j-th column 
(row) of the matrix A of structural constants of algebra L is zero; 

4) The element Cnk+i, i ^ is right (left) nilpotent if and only if in i-th column (row) 
of A there exists a zero; 

5) The algebra L is a Lie algebra iff A^ = {c(ij)i,j=o,...,n-i is a skew-symmetric matrix. 

Proof. 1) Necessity. If = L then for any Cc £ L there are a,b £ 7^ such that ^ and 



If a G i, 6 G j and c G p then from c = a + 6 we get j = p — i. 

Sufficiency. Assume for any p G Nn there exists i G Nn such that a-:^ ^ 0. Define 

a = i and b = p — i then 

CaCb = a^—iCa+b = ai—,ec. 

Hence Cc G L^ and L^ = L. 

2) Follows from Proposition 14.51 and Remark 14.61 

3) Straightforward. 

4) This follows from the following equality and the property of the complete residue 
system 

{n+l)r _ _ _ _ 

^nk+i — ^i^i^2i,i ' ' ' ^ni,i^n{nk+k+i)+i — Q^0,jO^l,i • • • Oin—l,i^n{nk+k+i)+i- 
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5) It is easy to see that a Leibniz algebra L(/, t) is a Lie algebra iff its matrix A of struc- 
tural constants is skew-symmetric. The matrix j4 of a nZ-periodic algebra L is constructed 
by blocs An- From the following equalities it follows that A is skew-symmetric iff A^ is 
skew-symmetric: 

0!nk+i,nl+j — Olij — Olji — Oinl+j,nk+i- 

This completes the proof. □ 

The following proposition gives a characterization of subalgebras. 

Proposition 4.16. Let L(f,0) be an nZ-periodic algebra with matrix An = (ajj)jj=o,...,n-i 
and let s G {1, . . . , n — 1}. // 

{ais,asi) ^ (0,0), for all i = 0, 1, . . . , n - 1, (4.6) 

then {enk+s : k £ Z) = L{f,0). 

Proof. From enk+senm+s = as,sen(k+m)+2s, by the condition a^^s ^ we get en(k+m)+2s G 
{enk+s ■ k £ Z). Similarly, we get that enq+ps G {^nk+s ■ k £ Z), ioi any q £ Z and p £ N. 
Thus we get that the complete residue system {enk+i^ 

i = 0, . . . ,n — 1; k £ Z}, is contained 

m{enk+s-k£Z)=Lif,0). □ 

Remark 4.17. Note that if s and {enk+s ■ k £ Z) Q I = ideal {xx : x £ L) and the 
condition ^.0^ is satisfied then I = L. Consequently, L is an Abelian algebra and An = 0, 
which is contradicts condition Thus from {enk+s : k £ Z) ^ I it follows that there 

exists i € {0, . . . , n — 1} such that ais = a^i = 0. 

Consider the algebras Lj, i = listed in Proposition 14.111 Using Proposition 13.21 

we get the following: 

Proposition 4.18. 1) Each of the algebras Li, L2, L^, L4^, L^, Lq, Lg, Liq are solvable with 
index of solvability 2. 

2) The algebra Lj is not solvable. 

3) The algebras Lq,Lii are solvable with index of solvability 4- 

Proof. 1) Solvability of Li — Lq,Ls,Liq obvious. 

2) We shall check that L7 is not solvable. It is easy to see that Lj = L7, consequently 
= L7 for all k£N. 

3) We have = {{eiej){ekei)]i^jjk^l E Z). Considering all possible values of i^j^k^l 

\2] [31 

we obtain L\{ C (esi, 63^+2; e Z)- Since aoo = "22 = 0, we get L[{ C (63^+2; j £ Z), 
now since a22 = we obtain L^^l = 0. By a similar argument one can show that Lg is also 
solvable with index 4. □ 

Theorem 4.19. The following infinite dimensional 3Z-periodic Leibniz algebras (mentioned 
in Proposition \4-ll^ for fixed parameters a, f3 are pairwise non-isomorphic: 

L,ia,p), L3(/3), L4(/3), Lgl/?), L7, Ls{a), Lg,Ln. 
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Proof. Since L7 is not solvable, it is not isomorphic to the algebras L^, i ^ 7. Since the 
algebras Lg, Ln are solvable with index 4, each of them is not isomorphic to each of the 
algebras Li — Lq, Lg, Liq. Moreover, since Lg is not a Lie algebra, but Ln is a Lie algebra, 
they are not isomorphic. We have the following: 

The algebra Lg is isomorphic to Lio with the isomorphism: 

e'sfc = e3(fc+i)) egfc+i = e3fc+2, = e3(fc+i)+i> k €Z. 

The algebra L2 is isomorphic to L^^O) with the isomorphism: 

Moreover, L2 C L3(/3). 

The algebra L4 is isomorphic to L5 with the isomorphism: 

L4(a) is not isomorphic to the algebra Lq{P). Indeed, Lq{P) is a Lie algebra but L4{a ^ 0) 
is not a Lie algebra. For a = we have {0} 7^ Center(L4) = {63;^+! : € Z} but 
Center(L6) = {0}. Similarly one can show that Li(a,/3) is not isomorphic to L6(7). 

Li(a, ;5) is not isomorphic to L4(7), because L4(0) is a Lie algebra but Li(a, /3) is not a 
Lie algebra. For 7 7^ we have Anni(L4) = {0} but Anni(Li) = {e^m m eZ}. 

L^^P) is not isomorphic to Lg(a). This follows from the following relations 

L| = Centcr(L3), 
Center(L8(a / 0)) = {e^k) % Ljia / 0), 
Center(Lg(0)) = (e3fc,e3fe+i) ^ L8(0) = {e^k+i}- 

□ 
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